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Abstract

An electronic oscillator which simulates the Mackey—Glass evolution equation is designed and investigated experimen-
tally. The circuit contains a tunable delay unit, a nonlinear device, and an RC filter. It provides an easy way to generate
high-dimensional signals. The largest estimated correlation dimension for the chaotic oscillations ranges up to = 7.

1. Introduction

Higher-dimensional (D > 4) dynamical systems
can exhibit very complex hyperchaotic behaviour.
An example of an infinite-dimensional (D — ) sys-
tem provides the Mackey—Glass (MG) mathematical
model for haematologic disorders [1]. The model is
described by a delay differential equation (DDE)
usually given in the following form,

x= — bx,
1+x"

T

x,=x(t—1). (1)

Most investigations on the MG system deal with
a =02, b=0.1, and n = 10. The state of the system
strongly depends on the delay time 7. Chaotic oscil-
lations at 7> 7, =16.8 are preceded by a stable
steady state and successively doubled periodic orbits.
The MG model has been studied numerically by
Farmer [2], also by Grassberger and Procaccia [3] to
obtain Lyapunov exponents, entropies and various
types of dimensions.

Eq. (1) can be reduced by dividing the right-
hand-side terms by b and scaling the time quantities

t > bt, 7— bt (evidently, 7. = 16.8 becomes 7, —
br, = 1.68):

2x,

x:
1+x°

—x. (2)

In this Letter we report on an analog electronic
circuit, which simulates the mathematical MG model,
that is, Eq. (2). We note that an analog device has
been employed by Losson, Mackey and Longtin [4]
to simulate a DDE. However, the DDE studied by
analog means in Ref. [4] is a piecewise constant
model, which is different from the MG equation.
Moreover, the analog instrument used in Ref. [4] is
an analog computer. As usual it contains an integra-
tor, a summator, one or more inverting amplifiers in
addition to a delay unit and a nonlinear transformer.
The difference between an analog computer, which
turned out to be rather convenient tool to explore
various models for chaos [4], and the ‘‘intrinsic’’
electronic circuits exhibiting chaotic behaviour has
been emphasized in a review paper by Matsumoto
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Fig. 1. Block diagram of the analog electronic circuit.

An electronic circuit similar to the one described
here has been considered by Dmitriyev, Starkov and
Orlov [6]. However, in Ref. [6] a standard delay unit
with the delay fixed at 64 us is employed, while the
RC value is used as a control parameter. This led to
a serious shortcoming, since RC controls not only
the dimensionality of the strange attractor, but influ-
ences even stronger the power spectrum.

2. Experimental

The circuit consists (Fig. 1) of a tunable delay
unit, a nonlinear device (ND) and a fixed RC filter.

The circuitry of the delay unit is shown in Fig. 2.
This is a network of T-type LCL filters with match-
ing resistors R at the input and the output. Tuning is
achieved by connecting the output amplifier to a
certain output terminal i =1, 2,...,30 (Fig. 3). The
delay can be approximated by T,(i)=i(2LC)/.
The maximum delay is 3 ms at /= 30. The delay
unit is frequency dependent. Nevertheless, it is char-
acterized by rather flat characteristics (Fig. 4) below
the cutoff frequency f. = 3 kHz.

The ND is produced by coupling in a special way
two complementary junction field-effect transistors
(JFETs) as described by Chua et al. [7]. The circuit
diagram is shown in Fig. 5. The voltage signal from
the resistor » is amplified in an operational amplifier

Fig. 2. Tunable delay unit. L =9.5 mH, C =525 nF, R=190 Q.
i=1, 2,...,30 indicate the output terminals.
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Fig. 3. Time delay at various output terminals of the unit shown in
Fig. 2.
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Fig. 4. Time delay (left scale) and response (right scale) versus
frequency at the output terminal No. 30.

(OA) by a factor of = 5 to obtain a sufficient output
level. The resulting output characteristic is a A-type
function presented in Fig. 6b. The graphic view of
the MG nonlinearity N(x) is given in Fig. 6a for
comparison. The steady state solution of Eq. (2) is
x, =N(x) =2x_/(+x2)=1, while U, =
Unp(U,) = 4 V yields a simple scaling factor of 4 V
between Fig. 6a and Fig. 6b.

The parameters of the RC filter are as follows:
R, =3k}, C, =100 nF, thus R,C, is 0.3 ms, and
the cutoff frequency of the RC filter fre =

Q2

Fig. 5. Circuit diagram of the nonlinear device ND. Q1: 2ZN5457,
Q2: 2N5460, r = 470 .
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(2mR,Cy) ' = 0.5 kHz. So, f, > fyc, ensuring low
distortion of the signals passing down the delay unit.

3. Circuit model

The dynamics of the circuit shown in Fig. 1 is
formed by a DDE

COU=MT)—U, Ur=U(t—Ty). 3)
R,
Here T, is the delay and Uyp(U) is the static
characteristic of the ND.
Introducing dimensionless variable x and time ¢,
and also a dimensionless delay 7,
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Fig. 6. Nonlinearities. (a) Nonlinear term N(x)=2x /(1+ x!°)

in the Mackey-Glass equation. (b) Nonlinear device characteristic
Upnp(U).

Fig. 7. Phase portraits. (a) Mackey—Glass system. (b) Electronic
circuit.

we obtain an equation
x=Ax.) —x, (%)

which is isomorphic to Eq. (2) with A(x) = Uyp /Uy
& N(x)=2x/(1 +x').

4. Results and discussion

To illustrate the similarity of the dynamic be-
haviour of the MG mathematical model and its elec-
tronic analog, the phase portraits for hyperchaotic
states in these two systems are presented in Fig. 7.
The phase portrait for the MG model has been
obtained by means of digital simulation of Eq. (2)
with 7= 10, while for the electronic circuit it has
been obtained by A/D converters directly in the
experiment at T, =3 ms, that is, at =T, /R,Cy =
10.
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Fig. 8. Saturation of the correlation exponents with increasing
embedding dimension as calculated from the experimental time
series. The numbers at the curves correspond to the output termi-
nals of the delay unit.

To characterize this analog circuit quantitatively
we have estimated the correlation dimensions for
various delays 7, in the delay line. The algorithm
used is that proposed by Grassberger and Procaccia
[3]. A single variable U(¢) taken by an A/D con-
verter was employed along with the time delay em-
bedding technique. Good saturation of the correlation
exponents with the embedding dimension (Fig. 8)
demonstrates the validity of the applied procedure.
Fig. 9 shows that the correlation dimensions can be
easily tuned with the delay to values as high as = 7
at 7= 10 (T, = 3 ms). Several values of the correla-
tion dimension from the original MG model are
indicated on this figure for comparison. They are
rather close to the experimental ones. In addition,

87
.g(’ .
L5
;§4 .
g3
§2
i
5 o 1AL
0 2 4 6 8 10

delay 1

Fig. 9. Tuning the correlation dimension with the delay. Bullets
are for the original Mackey—Glass equation. Vertical bars are for
the analog circuit.

60:
] =10
% 40
g 3
2 3
2. 207
0 Frrrrrree T A
0 1 2 3 4 5

frequency (kHz)

Fig. 10. Power spectrum of the output signal.

periodic windows characterized by unity correlation
dimensions are observed for some delays, in full
agreement with the MG model.

An interesting feature of both the MG model and
its electronic analog is that the power spectra of the
variable x(t) or U(¢) do not change noticeably above
7> 5. An example of an experimental power spec-
trum taken from the electronic circuit is presented in
Fig. 10 for 7= 10. The spectral density, the band-
width, and the general form of the spectrum remain
nearly the same when 7 increases, while the correla-
tion dimension grows rapidly.

5. Conclusion

We have developed an analog electronic circuit
which exhibits dynamical behaviour almost identical
with the MG mathematical model. This circuit can
be used as a high-dimensional chaos generator. In
addition, it provides a convenient tool for modeling
and studying chaotic phenomena in infinite-dimen-
sional dynamical systems with time delays.
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